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Abstract
A finite field method for calculating spherical tensor molecular polarizability tensors αlm;l′m′ =
∂Δlm/∂ϕl′m′* by numerical derivatives of induced molecular multipole Δlm with respect to
gradients of electrostatic potential ϕl′m′* is described for arbitrary multipole ranks l and l′. Inter-
conversion formulae for transforming multipole moments and polarizability tensors between
spherical and traceless Cartesian tensor conventions are derived. As an example, molecular
polarizability tensors up to the hexadecapole-hexadecapole level are calculated for water at the
HF, B3LYP, MP2, and CCSD levels. In addition, inter-molecular electrostatic and polarization
energies calculated by molecular multipoles and polarizability tensors are compared to ab initio
reference values calculated by the Reduced Variation Space (RVS) method for several randomly
oriented small molecule dimers separated by a large distance. It is discussed how higher order
molecular polarizability tensors can be used as a tool for testing and developing new polarization
models for future force fields.
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I Introduction
Molecular polarizability tensors have played an important role in our understanding of
intermolecular forces. The interaction energy of a molecule in an external electrostatic field
is completely described by molecular multipoles and polarizability tensors as shown in the
pioneering works of many researchers1–10. In recent times, molecular polarizability
tensors11–13 are often calculated by finite field methods14–18, in which the molecular
polarizability is expressed as a numerical derivative of induced molecular multipole moment
with respect to gradients of external electrostatic potential. For example, the components of
the ab initio molecular dipole-dipole polarizability tensor αpq can be calculated as a
derivative of induced molecular dipole moment μp with respect to external electric field Eq
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In addition, Dykstra and co-workers19–21 have calculated molecular polarizability tensors of
higher multipole rank at the Hartree Fock (HF) level using analytic derivative techniques22.
Molecular polarizability tensors have been instrumental in developing polarization models
for inter-molecular forces, which for example, have been used in developing polarizable
models for water23–34. Some common polarization models are based on induced
dipoles35–37, Drude oscillators38, fluctuating charges39–42, and continuum dielectric
models43,44. In many cases, the polarizability parameters are fit to or tested against
experimental or theoretical molecular dipole-dipole polarizability tensors. In order to more
accurately capture the anisotropy in the response charge density, Stone and co-workers45–48
have proposed Distributed Polarizabilities, in which the static density susceptibility
function49,50 (also see eqns. 4 and 5) is projected onto an atomic point multipole basis set
using Distributed Multipole Analysis51,52 methods. Recent work53–57 has focused on
investigating new polarization models based on induced atomic dipoles and quadrupoles.
The models based on induced higher order atomic multipoles are often tested by calculating
molecular dipole-quadrupole and quadrupole-quadrupole molecular polarizability tensors
and comparing with reference ab initio values. In addition, molecular polarizability tensors
have been used directly as the model for polarization energy for small molecules, such as
water. For example, molecular polarizability tensors up to the quadrupole-quadrupole23–25
or octupole-octupole29 level have been used to construct models of water-water inter-
molecular interactions.
As described above, higher order molecular polarizability tensors can be used as a tool for
testing and developing new polarization models for inter-molecular energy. However, the
calculation of higher order molecular polarizability tensors is not routine. Aside from some
notable exceptions discussed below, most quantum chemistry programs only calculate
dipole-dipole molecular polarizability tensors. Finite field procedures14–18 have been
described for calculating molecular polarizability tensors up to the quadrupole-quadrupole
or dipole-octupole level for highly symmetric small molecules or atoms. In this work, we
describe a finite field derivative method for calculating molecular polarizability tensors
αlm;l′m′ of arbitrary multipole ranks l and l′ for molecules of any shape and size. The
molecular polarizability tensors are calculated as numerical derivatives of induced multipole
moment Δlm with respect to gradients of external electrostatic potential ϕl′m′*.
As mentioned above, some quantum chemistry programs do calculate higher order
molecular polarizability tensors with some caveats. CADPAC58 calculates dipole-
quadrupole and quadrupole-quadrupole polarizability tensors in the traceless Cartesian
convention at the Self Consistent Field (SCF) level. MOLPRO59 and DALTON60 calculates
‘pure’ Cartesian molecular polarizability tensors for arbitrary multipole rank at various
levels of quantum theory, which include both SCF and electron correlation methods (MP2,
CCSD, etc). However for modeling purposes, it would be more useful to express the
molecular polarizabilities in their traceless Cartesian and spherical tensor conventions.
Equations for inter-converting polarizability tensors between traceless Cartesian and
spherical tensor conventions have been given for specific cases up to the quadrupole-
quadrupole level7,61. In this work, conversion formulae are derived for transforming
multipoles and polarizability tensors between ‘pure’ Cartesian, traceless Cartesian, and
spherical tensor conventions for arbitrary multipole rank. The derivations are mainly based
on the polynomial properties of the regular solid harmonic functions62 Clm (x, y, z) (see eqn.
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A.8 of the appendix). For multipoles, similar conversion formulae have been given in
previous works63,64, but not for polarizabilities.
As a test, molecular polarizabilities up to the hexadecapole-hexadecapole level are
calculated for water in the equilibrium geometry at the HF, B3LYP, and MP2 levels using
the correlation consistent basis sets65–67. Special attention is focused on the convergence of
molecular polarizability tensors with respect to increasing basis set size for various
multipole ranks. In addition, molecular polarizability tensors up to the quadrupole-
quadrupole level are calculated for water at the CCSD/d-aug-cc-pVQZ level and compared
to previous ab initio calculations21,68–72. Direct comparison to experiment73 would require
vibrational-rotational corrections71,72,74.
An interesting question arises: ‘How important are the higher order molecular polarizability
tensors in reproducing long range inter-molecular polarization energies?’ It is well-known
that the inter-molecular electrostatic and polarization energies between two molecules
separated by a large enough distance can be calculated by applying the molecular multipole
approximation to intermolecular perturbation theory61,75. The long range electrostatic
energy can be calculated from the interaction of both molecular multipoles, while the long
range polarization energy can be calculated from the interaction of molecular multipoles and
polarizability tensors between molecules. Increasing the multipole rank l gives more
accurate estimates of electrostatic and polarization energy. However, the effect of increasing
the multipole rank l is not often quantified. In this work, inter-molecular electrostatic and
polarization energies are calculated by molecular multipoles and polarizability tensors for
several randomly oriented small molecule dimers separated by a ‘large distance’. The
multipolar electrostatic and polarization energies are compared to ab initio reference values
calculated at the HF/6-31++G** level using the Reduced Variation Space (RVS)
method76,77 in GAMESS78. The accuracy of the energies calculated by molecular
multipoles/polarizabilities is studied as a function of increasing multipole rank. A necessary
condition for the multipole approximation between two molecules is that their molecular
charge densities do not significantly overlap. It has been shown79 that the overlap of inter-
molecular charge density is approximately proportional to the inter-molecular exchange-
repulsion energy. Therefore, we have constructed randomly oriented dimers separated by a
‘large distance’, in which the inter-molecular exchange-repulsion energy is less than 0.01
kcal/mol (3.5 – 5.0 Å closest atom-atom separation). Although the Hartree Fock (HF) level
does not include electron correlation80 and the 6-31++G** basis set is much smaller than
most of the correlation consistent basis sets, the comparison of electrostatic and polarization
energies calculated by molecular multipoles/polarizability tensors with ab initio
demonstrates the importance of including higher order multipoles.
A special note concerning the calculation of molecular multipoles should be made. For
approximate, non-variational wave-functions Ψ0 which do not satisfy the Hellman-
Feynmann theorem (e.g. MP2 or CCSD), it has been shown81,82 that the molecular
multipole moments calculated by taking the expectation value of the multipole moment
operator do not reproduce the correct interaction energy when the molecule is placed in an
external electrostatic field. For example, the interaction energy U of a molecule in a uniform
weak external electric field E is given by
(2)
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where μ is the molecular dipole moment and α is the molecular dipole-dipole polarizability
matrix. The ab initio molecular dipole moment can be calculated by differentiating U with
respect to E in the limit of small field strength.
(3)
However, if Ψ0 does not satisfy the Hellman-Feynmann theorem, the definition for μ in eqn.
3 does not agree with its quantum mechanical expectation value μ ≠ 〈Ψ0 |μ̂| Ψ0〉. In this
case, the recommended definition for molecular dipole is the energy derivative in eqn. 3. In
this work, ab initio molecular multipoles are calculated from relaxed densities83,84 which
give the correct electrostatic energy in the presence of external fields.
We have written a program to calculate molecular polarizability tensors up to hexadecapole-
hexadecapole using the output files from the Gaussian85 suite of quantum chemistry
programs and we plan to make our program freely available. In addition, mathematical
background information61,62,86–90 is summarized in the appendix, while technical details
behind some of the derivations are given in the Supplementary Information along with
additional results.
II Methods
A. Review of Molecular Multipoles/Polarizability Tensors
The energy U of a molecule in a time-independent electrostatic field ϕ(r) can be expanded in
a power series to second order in ϕ(r) by
(4)
where U0 is the energy of the molecule in vacuum, ρ(r) is the molecular charge density in
vacuum, and η(r, r′) is the static density susceptibility function49,50 defined by functional
derivatives49 of interaction energy U with respect to electrostatic potential
(5)
If the charge source of the external potential does not overlap with the molecular charge
distribution, ∇2ϕ= 0 in the volume encompassing the molecule. In this case, Rowe87 has
shown that ϕ(r) can be expanded about the molecular center R in a ‘spherical tensor Taylor
series’ by
(6)
where * indicates the complex conjugate, Clm(r) is a solid harmonic polynomial62 (eqns. A.
3 and A.8), and Clm (∇) is a solid harmonic gradient operator62,87 (eqn. A.10). The
molecular center R is arbitrary. However, the multipole expansion will have faster
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convergence properties if R corresponds to a central point of the molecule, such as the
center of mass or center of nuclear charge. Inserting eqn. 6 into eqn. 4 results in a multipole





where Qlm is the molecular multipole moment in vacuum, αlm;l′m′ is a molecular




The energy U in eqn. 7 may be viewed as a function ϕl′m′*. The molecular multipole Qlm and
polarizability αlm;l′m′ can also be calculated as derivatives of energy by
(13)
(14)
In addition, the induced molecular multipole moment Δlm can be defined for non-zero fields
by
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In this case, the molecular polarizability tensor can also be calculated as a first derivative of
Δlm with respect to ϕl′m′* by
(16)
In the following sections, it is described how eqn. 16 can be used to calculate ab initio
molecular polarizability tensors by finite field derivatives of Δlm with respect to ϕl′m′*.
Lastly, two important symmetry relations for αlm;l′m′ follow from eqns. 11 and A.6
(17)
(18)
B. Conversion Formulae for ‘Pure’ Cartesian Tensors
Most quantum chemistry programs calculate ‘pure’ Cartesian molecular multipole moments
of the form
(19)
where (l ≡ lx + ly + lz) and R ≡ (X, Y, Z) is the multipole center, which is normally taken to
be the origin, i.e. R = 0. Applequist8 defines unabridged Cartesian molecular multipoles by
dividing  in eqn. 19 by a factor l!. The Cartesian molecular multipoles can be converted
to complex spherical tensor multipoles Qlm by
(20)
where m± ≡ (|m| ± m)/2 and  is defined in eqn. A.9. This result follows from inserting
the polynomial expression for Clm (x, y, z) (eqn. A.8) into the definition for Qlm (eqn. 10)
and applying the definition for  in eqn. 19. Some quantum chemistry programs, such as
MOLPRO59 and DALTON60, also calculate ‘pure’ Cartesian moments of the static density
susceptibility function η (r, r′) as
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where (l ≡ lx + ly + lz), (l′ ≡ lx′ + ly′ + lz′), and the multipole center is taken to be the origin
(R = 0). ‘Pure’ Cartesian molecular polarizablities can be transformed into spherical tensor
polarizabilities by
(22)
This result follows from inserting eqn. A.8 into the definition for αlm;l′m′ in eqn. 11.
C. Inter-Conversion Formulae for Traceless Cartesian Tensors
The traceless Cartesian molecular multipole61 moment with respect to the origin (R = 0) is
defined by
(23)
where l ≡ lx + ly + lz and  is a traceless Cartesian multipole operator defined by
(24)
Note that both  and the solid harmonic function Clm(r) (eqn. A.8) are both
polynomials in x, y, z. Generalizing standard conventions3,4, traceless Cartesian molecular




Inter-conversion formulae between Clm (r) and  are given in eqns. A.11 and A.12 of
the appendix. A derivation of these two key expressions (eqns. A.11 and A.12) is provided
in the Supplementary Information. By inserting eqns. A.11 and A.12 into eqns. 23 and 10,
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respectively, inter-conversion formulae between traceless Cartesian and spherical tensor
multipoles are found as
(27)
(28)
where  and  are constants defined in eqns. A.13 and A.14, respectively. Similarly,
inter-conversion formulae between traceless Cartesian and spherical tensor polarizability
tensors are derived by inserting eqns. A.11 and A.12 into eqns. 26 and 11, respectively
(29)
(30)
D. Molecular Polarizabilities as Finite Difference Derivatives
A procedure for calculating ab initio molecular polarizability tensors αlm;l′m′ by finite field
derivatives (eqn. 16) is described in this section. Many quantum chemistry programs
calculate Cartesian molecular multipole moments in the presence of electric fields and
Cartesian gradients of electric field. The Cartesian/spherical tensor conversion formulae
given in sections B and C are used to develop a finite field procedure for calculating
molecular polarizability tensors which can be used in most quantum chemistry programs.
The molecular polarizability tensor αlm;l′m′, field gradient ϕl′m′*, and induced moment Δlm
are complex quantities and can be expressed explicitly in real and imaginary parts by
(31)
The derivative with respect to ϕl′m′* can be expressed in terms of real and imaginary parts
using a chain rule argument as
(32)
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The symmetry relation for αlm;l′m′ in eqn. 18 can be expressed as real and imaginary parts by
(35)
The 2l′+1 independent field variables are taken to be ϕrl′m′ for 0 ≤ m′ ≤ l′ and ϕil′m′ for 1 ≤ m′
≤ l′. The induced ab initio molecular multipole moments Δlm are calculated in the presence
of small external field perturbations h = ± 0.001 e/Ål′+1 for ϕrl′m′ or ϕil′m′. Numerical
derivatives of Δrlm and Δilm are calculated with respect to ϕrl′m′ and ϕil′m′, e.g.
(36)
The precision of the numerical derivatives can be determined by comparing αlm;l′m′ with
αl′m′;lm for l ≠ l′ (eqn. 17). For example, the dipole-quadrupole polarizability (l = 1, l′ = 2)
should be identical to the quadrupole-dipole polarizability (l = 2, l′ = 1) up to the precision
of the numerical derivatives. The field step size of 0.001 e/Ål′+1 was chosen to minimize the
average difference in αlm;l′m′ and αl′m′;lm, resulting in molecular polarizabilities precise to 5
significant figures.
Induced ‘pure’ Cartesian molecular multipoles  are calculated in
the presence of perturbed external fields with Gaussian 0385. The induced ‘pure’ Cartesian
molecular multipoles are converted to induced spherical tensor multipoles Δlm using eqn. 20.
The external field gradients are specified in Cartesian format with the following form
(37)
The spherical tensor gradients ϕl′m′ are converted to the Cartesian field gradients by
(38)
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where  is defined in eqn. A.13. This result follows by first noting that since ϕl′m′ is a
traceless field (∇2ϕ= 0 ),  will also be traceless. Since the polynomial transformations
between Clm (r)x y z and  (A.11 and A.12) are valid if the x, y, z arguments are
replaced by their derivatives, the conversion of ϕl′m′ into  is related to the conversion of
Qlm into  (eqn. 27) if the factorial multipliers (e.g. l!, lx!, etc.) are appropriately taken
into account.
The algorithm for calculating finite field molecular polarizabilities of rank (l, l′) is given by
1.
Calculate the ab initio Cartesian molecular multipoles in vacuum 
2. Set the 2l′+1 independent field variables {ϕrl′m′ 0 ≤ m′ ≤ l′ and ϕil′m′ 1 ≤ m′ ≤ l′} to
+h
3. For each of the 2l′+1 independent field variables
A. Convert ϕl′m′ to Cartesian field gradients by eqn. 38
B. Calculate the induced ab initio Cartesian molecular multipoles
C.
Convert the induced Cartesian multipoles  to induced spherical
tensor multipoles Δlm by eqn. 20
4. Repeat 2 and 3) for negative field perturbations – h
5. For −l ≤ m ≤ l and 0 ≤ m′ ≤ l′, calculate ∂Δrlm/∂ϕrl′m′, ∂Δilm/∂ϕrl′m′, ∂Δrlm/∂ϕil′m′,
and ∂Δilm/∂ϕil′m′, by eqn. 36. Calculate αrlm;l′m′, and αilm;l′m′ by eqns. 33 and 34 for
0 ≤ m′ ≤ l′ and by eqns. 35 for −l′ ≤ m′ < 0.
E. Computational Details
Molecular polarizability tensors are calculated for water at the HF, B3LYP, MP2, and
CCSD levels using the correlation consistent basis sets65,66. The water geometry is initially
optimized at the MP2/aug-cc-pVQZ level and given in Table I. The optimized O-H bond
length and H-O-H bond angle are 0.9574 Å and 104.39°, respectively, which are close to the
experimental results91 of 0.9572 Å and 104.52°. Note the molecular center is the origin (R =
0), which coincides with the center of nuclear charge.
The expressions derived in this work are first tested by calculating molecular polarizability
tensors from various quantum chemistry programs. ‘Pure’ Cartesian molecular
polarizabilities (eqn. 21) are calculated by MOLPRO59 and converted to spherical tensor
polarizabilities using eqn. 22, which are then converted to traceless Cartesian polarizabilities
using eqns. 29 and 25. Spherical tensor finite field molecular polarizabilities are calculated
using the procedure described in section D from the output files of Gaussian 0385. The
spherical tensor molecular polarizabilities are transformed to traceless Cartesian
polarizabilities using eqns. 29 and 25. A trivial modification to the Gaussian 0385 source
code was made in order to print the molecular multipole moments to 10 decimal places of
precision. In addition, traceless Cartesian polarizabilities up to quadrupole-quadrupole are
calculated with CADPAC58 at the HF level using a Cartesian tensor ab initio basis set. As
an example, the HF/aug-cc-pVTZ dipole-quadrupole polarizability for water is given in
Table II.
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Molecular polarizability tensors up to hexadecapole-hexadecapole are calculated for water at
the HF, B3LYP, and MP2 levels using the correlation consistent basis sets65,66. The aug-cc-
pVXZ basis sets (X = D, T, Q, 5, 6) internally stored in Gaussian 03 are used, while the d-
aug-cc-pVXZ basis sets are obtained from the Basis Set Exchange67. In addition, the aug-cc-
pVXZ and d-aug-cc-pVXZ basis sets are obtained from the Basis Set Exchange67 and used
to construct the diffuse exponents for the t-aug-cc-pVXZ basis sets using an even-tempered
scaling procedure65,66. In addition, a q-aug-cc-pV6Z basis set is partially constructed by
adding a fourth shell of diffuse functions to the oxygen and hydrogen. However, due to basis
set linear dependencies, the f, g, and h functions are removed from the fourth shell of diffuse
functions for hydrogen. We have abbreviated the partially constructed q-aug-cc-pV6Z as
‘t6+’ for short. For the HF and MP2 levels, Cartesian molecular polarizabilities are
calculated with MOLPRO59 and converted to spherical tensor and traceless Cartesian
polarizabilities using eqns. 22, 29, and 25. For the B3LYP and CCSD levels, spherical
tensor molecular polarizability tensors are calculated with Gaussian 0385 using the finite
field procedure described in section D and transformed to traceless Cartesian polarizabilities
using eqns. 29 and 25.
Dipole-dipole, dipole-quadrupole, and quadrupole-quadrupole polarizabilities for water
reported in previous works21,68–72 are also presented here for comparison. However,
polarizabilities are tensors which depend on the orientation of the water molecule. In
addition, polarizabilities of higher multipole rank than dipole-dipole (e.g. dipole-quadrupole
and quadrupole-quadrupole) depend on the origin. In the appendix, rotation and translation
formulae are derived for spherical tensor multipoles (eqns. B.2 and B.6) and polarizabilities
(eqns. B.3 and B.7). The rotation formulae follow from the rotational properties of spherical
harmomics88, while the translation formulae follow from an addition theorem89 for the solid
harmonic function Clm(r1 + r2). The traceless Cartesian polarizabilities reported in previous
works68–72 are converted to spherical tensor form, translated/rotated to agree with the water
geometry used in this work (see Table I), and converted back to traceless Cartesian form.
Note that Lui and Dykstra21 reports ‘pure’ Cartesian dipole-quadrupole (multiplied by ½)
and quadrupole-quadrupole (multiplied by ¼) polarizabilities. The ‘pure’ Cartesian
polarizabilities are first converted to spherical tensor form, translated/rotated to agree with
this work’s water geometry, and then converted to traceless Cartesian form.
Molecular multipole moments and finite field polarizability tensors are calculated at the
equilibrium geometries for the small molecules NH3, CH3F, H2C=O, H2O, NH4+, HCO3−,
and CO32− at the HF/6-31++G** level using Gaussian 0385. The molecules are first
optimized at the HF/6-31++G** level and the molecular multipoles/polarizabilities are
calculated with respect to the center of mass (COM) of the molecule. Molecular dimers are
generated by rigidly rotating each molecule by a random direction and rigidly translating the
molecules so that the closest atom-atom separation is a value between 3.5 and 5.0 Å. We
have devised an algorithm for generating random rotation matrices based on constructing a
quarternion (q0, q1, q2, q3) with random components uniformly distributed between −1 ≤ qμ
≤ 1. The quarternion is then normalized  and used to construct rotation matrices88
R ̄(q). A histogram plot of direction cosine angles θx, θy, and θz is given in Fig. 1 for several
random rotation matrices R ̄, i.e. θx= cos−1 (x̂ · x̂′), θy= cos−1 (ŷ · ŷ′), and θz= cos−1 (ẑ · ẑ′)
where (x̂, ŷ, ẑ) is a unit basis and (x̂′, ŷ′, ẑ′) is a randomly rotated unit basis.
Ab initio electrostatic and polarization inter-molecular dimer energies are calculated with the
RVS 76,77 decomposition method using GAMESS78. The ab initio electrostatic and
polarization energies are compared to the corresponding energies calculated by molecular
multipoles and polarizability tensors using expressions given by Stone61. A summary of
these methods is given in Appendix C. In order for the multipole approximation to be valid,
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the inter-molecular density overlap of the molecules should be small. Since the exchange-
repulsion energy is approximately proportional to the inter-molecular density overlap79,
only dimers in which the exchange-repulsion energy is less than 0.01 kcal/mol, are used.
III Results
1. Molecular Polarizability Tensor for Water
Molecular polarizability tensors up to the hexadecapole-hexadecapole level are calculated
for water at the HF, B3LYP, and MP2 levels using the correlation consistent basis sets with
additional augmented diffuse functions. Additional diffuse basis functions are important in
calculating molecular polarizability tensors, since the electron charge density far away from
the nuclei is more polarizable than the charge density near the nuclear centers. The z
components of the dipole-dipole αz;z, quadrupole-quadrupole Czz;zz, octupole-octupole
Ozzz;zzz, and hexadecapole-hexadecapole Hzzzz;zzzz polarizability tensor components
calculated at the MP2 level are given in Tables III, IV, V, and VI respectively, as a function
of increasing basis set size. For brevity, only the z components of the MP2 molecular
polarizability tensors of rank l = l′ are listed. However, all components of the HF, B3LYP,
and MP2 molecular polarizability tensors at different basis sets are given in the SI.
The molecular polarizability tensor of lower multipole rank (e.g. dipole-dipole l = l′ = 1)
converges faster with increasing basis set than polarizability tensors of higher multipole rank
(e.g. hexadecapole-hexadecapole l = l′ = 4). For example from Table III, the smallest basis
set aug-cc-pVDZ gives a reasonable estimate for the MP2 dipole-dipole polarizability of αz;z
= 9.044 bohr3 when compared to the value calculated by the largest t-aug-cc-pV6Z basis set
of 9.666. The dipole-dipole polarizability converges relatively quickly when the basis set
size is increased by including more polarization functions (αz;z = 9.607 at MP2/aug-cc-
pVQZ ) or including more diffuse shells (αz;z = 9.692 at MP2/d-aug-cc-pVDZ).
In comparison, the quadrupole-quadrupole (l = l′ = 2) polarizability tensor converges more
slowly with increasing basis set size than the dipole-dipole polarizability tensor. From Table
IV, the smallest basis set aug-cc-pVDZ gives a less accurate estimate of Czz;zz = 9.15 bohr5
forthe MP2 quadrupole-quadrupole polarizability when compared to the MP2/t-aug-cc-
pV6Z result of 14.61. The d-aug-cc-pVTZ basis set gives a reasonable estimate of Czz;zz =
14.49 bohr5.
The octupole-octupole (l = l′ = 3) polarizability Ozzz;zzz converges more slowly than the
quadrupole-quadrupole polarizability. From Table V, the MP2/aug-cc-pVDZ result for
Ozzz;zzz = 11.31 bohr7 can be compared to the MP2/t-aug-cc-pV6Z result of Ozzz;zzz = 30.65
bohr7. The d-aug-cc-pVQZ basis set gives a reasonable estimate of Ozzz;zzz = 30.04 bohr7.
The hexadecapole-hexadecapole (l = l′ = 4) Hzzzz;zzzz polarizability converges the slowest
with increasing basis set size. From Table VI, the aug-cc-pVDZ basis set gives a poor
estimate of Hzzzz;zzzz = 4.20 bohr9 when compared to the MP2/t-aug-cc-pV6Z result of
Hzzzz;zzzz = 60.42 bohr9. It appears that the t-aug-cc-pV5Z basis set gives a reasonable
estimate of Hzzzz;zzzz = 61.22 bohr9 when compared to the t-aug-cc-pV6Z result. In order to
test the convergence of Hzzzz;zzzz at the t-aug-cc-pV6Z basis set, a fourth shell of diffuse
functions is partially added the t-aug-cc-pV6Z basis set to give the ‘t6+’ basis set. At the
MP2/t6+ level, Hzzzz;zzzz = 62.15 bohr9 indicating that Hzzzz;zzzz is reasonably converged at
the t-aug-cc-pV5Z level. In addition, it should be noted that self-consistent field (SCF)
convergence problems are found using the t-aug-cc-pVXZ (X = D,T) for hexadecapole field
perturbations at both the HF and B3LYP levels.
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Molecular polarizability tensors up to the quadrupole-quadrupole level are calculated at the
HF, B3LYP, MP2, and CCSD levels with the d-aug-cc-pVQZ basis set and given in Table
VII. The dipole-dipole polarizability xx, yy, and zz components of (8.976, 9.712, 9.310)
bohr3 calculated at the CCSD/d-aug-cc-pVQZ level are in reasonably good agreement with
previous CCSD calculations of (9.07, 9.77, 9.37) reported by Maroulis71 and of (9.05, 9.76,
9.37) reported by Avila72 using a basis set similar to that given by Maroulis71. In addition,
Maroulis71 reports CCSD(T) dipole-dipole polarizabilites of (9.34, 9.93, 9.59). In this work,
the dipole-dipole polarizability tensors calculated at the HF level are underestimated by 5–
10% with respect to the more accurate CCSD calculations, while the dipole-dipole
polarizability tensors calculated at the B3LYP level are overestimated by 5–10%.
Interestingly, the MP2 results of (9.488, 9.942, 9.691) level slightly overestimates the
molecular polarizabilities with respect to the CCSD level by 2–5% but agrees more with the
CCSD(T) results reported by Maroulis71. Similar trends are found for the higher order
dipole-quadrupole and quadrupole-quadrupole polarizability tensors. For completeness,
dipole-quadrupole and quadrupole-quadrupole polarizability tensors reported in previous
works21,68–70 are also given in Table VII. The agreement between the HF dipole-quadrupole
and quadrupole-quadrupole polarizabilities reported in this work and previous works21,68,69
is mainly qualitative, since the d-aug-cc-pVQZ basis set used in this work contains s, p, d, f,
g basis functions and is significantly larger than the basis sets used in the older works21,68,69
which only contain s, p, d basis functions.
As shown in Tables III – VI, the molecular polarizability tensors of lower multipole order l
converge faster with increasing basis set than the polarizability tensors of higher multipole
order. Using a heuristic argument, this trend can be explained in part by the angular
momentum l used in basis functions. Ab initio basis sets are often constructed from
spherically symmetric Gaussian type radial functions multiplied by a polynomial of degree l
in x, y, z, which is associated with the angular momentum of the basis function. For
example, in the aug-cc-pVTZ basis set, the oxygen atom has s, p, d, f basis functions
corresponding to l = 0, 1, 2, 3 respectively. In the next higher level basis set of aug-cc-
pVQZ, oxygen has s, p, d, f, g basis functions. The angular momentum l of the basis
function is related to the multipole moments of the basis function. The ‘s’ basis functions are
spherically symmetric, while the ‘p’ basis functions have non-zero dipole moments.
Similarly, the ‘d’ and ‘f’ basis functions have non-zero quadrupole and octupole moments,
respectively. Thus, accurate calculations of higher order multipole properties require basis
sets composed of functions that have higher order multipole moments.
2. Test of the Molecular Multipole Approximation
In the previous section, the convergence of molecular polarizability tensors with respect to
increasing basis set is investigated as a function of increasing multipole rank l. In this
section, the convergence of long range intermolecular electrostatic and polarization energy
calculated by molecular multipoles/polarizability tensors is investigated as a function of
increasing multipole rank l at the HF/6-31++G** level. Ab initio electrostatic and
polarization energies are calculated for randomly oriented small molecule dimers at the HF/
6-31++G** level using the RVS method. The ab initio electrostatic and polarization
energies are compared to energies calculated by molecular multipoles and polarizability
tensors calculated at the HF/6-31++G** level. The dimers are separated into two sets:
neutral-neutral dimers and neutral-charged dimers. The neutral molecules are NH3, CH3F,
H2C=O, and H2O, while the charged ionic molecules are NH4+, HCO3−, and CO32−.
In Fig 2, scatter plots of inter-molecular electrostatic energies calculated by molecular
multipoles up to rank l = 1, 2, 3 are compared with the reference HF/6-31++G** values for
the neutral-neutral dimers. In Table VIII, the average magnitude of the electrostatic dimer
energy <|Eelectrostatic|> and the RMSD errors Δelectrostatic in electrostatic dimer energy are
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given for l = 1, 2, 3, 4. For the neutral-neutral dimers, the value <|Eelectrostatic|> = 0.267 kcal/
mol can be compared to the RMSD errors Δelectrostatic = 0.120, 0.028, 0.0070, and 0.0038
(kcal/mol) for molecular multipoles up to rank l = 1, 2, 3, 4, respectively. The corresponding
percent errors (RMSD/<|Eele|>) are 45%, 10%, 2.6%, and 1.4% for molecular multipoles up
to rank l = 1, 2, 3, 4, respectively. For the neutral-charge dimers, the corresponding percent
errors in electrostatic dimer energy are 19%, 4.1%, 0.85%, and 0.28% for molecular
multipoles up to rank l = 1, 2, 3, 4, respectively. In both sets of dimers, a systematic increase
in precision is obtained by increasing the multipole rank of the molecular multipole
moments from l = 1 to l = 4.
Similarly, scatter plots of polarization energy calculated by molecular polarizability tensors
up to rank l = 1, 2, 3 are compared to their reference HF/6-31++G** values in Figs 3 and 4
for the neutral-neutral and neutral-charged dimers, respectively. Molecular multipoles up to
hexadecapole (l = 4) are used as the source for electrostatic field in the calculation of
polarization energies. In Table VIII, the average magnitudes <|Epolarization|>and the RMSD
errors in polarization energy Δpolarization are given for both the neutral-neutral and the
neutral-charged dimers. For the neutral-neutral dimers, the percent errors in polarization
energy are 39%, 15%, 5.5%, and 3.0% for molecular polarizability tensors up to rank l = 1,
2, 3, 4, respectively. For the neutral-charged dimers, the percent errors in polarization
energy are 24%, 7.2%, 2.0%, and 1.7% for molecular polarizability tensors up to rank l = 1,
2, 3, 4, respectively. As expected, a significant increase in precision is obtained by
increasing the multipole rank of the molecular polarizability tensors from l = 1 to l = 4.
IV Conclusion
In this work, a finite field procedure for calculating molecular polarizability tensors of
arbitrary multipole rank is proposed. Mathematical expressions for converting ‘pure’
Cartesian, traceless Cartesian, and spherical tensor multipoles and polarizability tensors are
derived for arbitrary multipole rank. We have implemented the finite field method for
calculating molecular polarizability tensors up to hexadecapole-hexadecapole using output
files obtained from the Gaussian85 suite of quantum chemistry programs. In addition,
molecular polarizability tensors calculated by MOLPRO in the ‘pure’ Cartesian tensor form
are converted to spherical tensor and traceless Cartesian forms.
As an example, molecular polarizability tensors are calculated for water at the HF, B3LYP,
and MP2 levels up to hexadecapole-hexadecapole with the correlation consistent basis sets.
It is shown that as the multipole rank l is increased, the polarizability converges more slowly
with basis set size. In addition, dipole-dipole, dipole-quadrupole, and quadrupole-
quadrupole polarizability tensors are calculated for water at the CCSD/d-aug-cc-pVQZ level
and compared to previous works.
The molecular multipole approximation is tested on randomly oriented small molecule
dimers separated by a large distance. Inter-molecular electrostatic and polarization energies
calculated by molecular multipoles and polarizability tensors are compared to their ab initio
reference values. A systematic increase in accuracy and precision is demonstrated in going
from the molecular dipole approximation (l = 1) to the molecular hexadecapole
approximation (l = 4). Although the molecular multipoles and polarizability tensors
calculated at the HF level do not include electron correlation and the 6-31++G** basis set
may not be converged with respect to the complete basis set limit, the calculations
demonstrate the significance of including higher order molecular multipoles in reproducing
ab initio electrostatic and polarization energies.
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The formal results presented in this paper should prove useful to those engaged in the study
of inter-molecular interactions by either high level calculation or approximation schemes. In
particular, the method for obtaining molecular polarizability tensors of arbitrary multipole
rank for arbitrary molecular systems and the formulae developed for inter-converting
multipoles and polarizabilities between various tensor standards should prove invaluable.
Supplementary Material
Refer to Web version on PubMed Central for supplementary material.
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A spherical harmonic function Ylm (θ,φ) is defined on a unit sphere (θ,φ) in terms of
Associated Legendre functions62,86 Plm (cos θ) by
(A.1)
Hobson62 has derived an especially useful polynomial expression for Plm (cos θ) as
(A.2)
for 0 ≤ m ≤ l. A regular solid harmonic function Clm is defined over all space r by
(A.3)
A polynomial expression for Clm (x, y, z) for 0 ≤ m ≤ l can be derived by inserting eqns. A.1




An important symmetry for solid harmonic functions is given by
(A.6)
By taking into account eqn. A.6, the expression for Clm (x, y, z) in eqn. A.4 becomes valid
for −l ≤ m ≤ l by
(A.7)
Elking et al. Page 18

















The solid harmonic gradient operator Clm (λ) is defined by replacing r with its partial
derivatives
(A.10)
Transformation formulae between Clm (r) and  (eqn. 24) are derived in the
Supplementary Information and given by
(A.11)
(A.12)
where  and  are constants given by
(A.13)
(A.14)
Suppose r̂ = (sin θ cos φ, sin θ sin φ, cos θ) is a point on a unit sphere and R ̄ is a Cartesian
rotation matrix which transforms r̂, i.e. r̂′ = R ̄·r̂ is another point on a unit sphere. Spherical
harmonics are functions of r̂ and transform under rotations as
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where Dlm′m is a Wigner88 function. Solid harmonic functions Clm(r) are defined over all
space r= rr̂. The rotational properties for Clm(r) follow from eqns. A.3 and A.15 as
(A.16)
In addition, solid harmonic functions transform under translation through the following
addition theorem89
(A.17)
where  is a constant defined by
(A.18)
and Alm is a constant defined in eqn. A.5.
B. Rotation/Translation Formulae for Multipoles and Polarizabilities
Rotation and translation formulae for multipoles and polarizabilities follow from eqns. A.16
and A.17, respectively. The following expressions are useful, for example, if multipoles or
polarizabilities are rotated between different orientations or translated between different
molecular centers.
Suppose a molecule with charge density ρ(r) is rotated to another orientation defined by a
3x3 Cartesian rotation matrix R ̄. The rotated molecule has charge density ρ(R ̄−1·r) and
multipoles with respect to the origin (R = 0) given by
(B.1)
where the variable r have been transformed to r′= R ̄−1·r (note the Jacobian is 1 since
det(R ̄)=1). Inserting eqn. A.16 into eqn. B.1 gives
(B.2)
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where Qlm are the multipoles of the unrotated molecule. Starting with eqn. 11,
polarizabilities with respect to the origin (R = 0) transform under rotations as
(B.3)
where αl1m1;l2m2 are the polarizabilities of the unrotated molecule.
A multipole with respect to the center R1 is defined by eqn. 10 as
(B.4)
Q1lm can be expressed in terms of multipoles with respect to a different center R2 by
applying the addition theorem (eqn. A.17) to Clm(r – R1)
(B.5)
where R21 ≡ R2 – R1. Inserting eqn. B.5 into eqn. B.4 results in a translation formulae form
multipoles.
(B.6)
Similarly, polarizabilities with respect to R2 can be translated to R1 by
(B.7)
C. Multipole Electrostatic/Polarization Dimer Energies
In this section, results given by Stone61 are briefly summarized. The electrostatic energy
between two molecules A and B is given by
(C.1)
where  is the set of multipoles of molecule A in the global frame (see eqn. C.6 below).
The permanent field on molecule A (denoted by 0 superscript) due to the multipoles on
molecule B is given by
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The interaction matrix Tlm;l′m′ is given by
(C.3)
where YLM is a spherical harmonic, L ≡ l + l′, and M ≡ m + m′. A similar expression is given
for the permanent field on molecule B.
The polarization energy between molecules A and B is given by
(C.4)
where  and  are the induced molecular multipoles for molecules A and B. In the
calculation of ab initio second order polarization energies, the permanent vacuum charge
density of one molecule polarizes the other molecule (and vice-versa). In other words, the
induced charge densities do not polarize one another until self-consistency at second order.
When comparing to the ab inito results, the induced multipoles were polarized by permanent
molecular multipoles. For example, the induced multipole on molecule A is given by
(C.5)
where  is the ab initio molecular polarizability tensor of molecule in the ‘global
frame’ (see eqn. C.7 below) and  is the electrostatic field gradients on molecule A
due to the permanent molecular multipoles on molecule B given by eqn. C.2. A similar
expression exists for molecule B.
The ab initio molecular multipoles and polarizability tensors are calculated in a ‘local’
reference frame with respect to the origin R = 0, which also coincides with the molecular
center of mass. The ‘local’ and ‘global’ reference frame concept28,61,90 has been used in
models based on atomic multipoles. In the randomly oriented dimer geometries, the
molecular multipoles and polarizability tensors are rotated to the ‘global’ reference frame of
the molecule in the dimer geometry. The ‘local’ frame multipoles  transform to ‘global’
frame multipoles  through Wigner rotation matrices88  by
(C.6)
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where R ̄ is a 3x3 Cartesian rotation matrix90 describing the ‘local’ to ‘global’ frame
transformation. Similarly, the ‘local’ frame molecular polarizability tensors transform to
‘global’ frame molecular polarizability tensors by
(C.7)
Elking et al. Page 23














Histogram plot of direction cosine angles θx, θy, and θz for several random rotation
matrices.
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Long range electrostatic energies (kcal/mol) calculated by molecular multipoles up to rank l
= 1, 2, 3 for randomly oriented neutral-neutral dimers at the HF/6-31++G** level.
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Long range polarization energies (kcal/mol) calculated by molecular polarizability tensors
up to rank l = 1, 2, 3 and molecular multipoles up to hexadecapoles (l = 4) for randomly
oriented neutral-neutral dimers at the HF/6-31++G** level.
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Long range polarization energies (kcal/mol) calculated by molecular polarizability tensors
up to rank l = 1, 2, 3 and molecular multipoles up to hexadecapoles (l = 4) for randomly
oriented neutral-charge dimers at the HF/6-31++G** level.
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Table I
Optimized Water Geometrya,b (Å)
O 0.000000 0.000000 0.117377
H 0.000000 0.756478 −0.469510
H 0.000000 −0.756478 −0.469510
a
Optimized at the MP2/aug-cc-pVQZ level
b
The origin (R = 0) is the center of nuclear charge.
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Table III
αz;z MP2 Water Dipole-Dipole Polarizability (bohr3)
X aug-cc-pVXZ d-aug-cc-pVXZ t-aug-cc-pVXZ
D 9.044 9.692 9.679
T 9.484 9.719 9.727
Q 9.607 9.691 9.692
5 9.638 9.673 9.674
6 9.646 9.665 9.666
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Table IV
Czz;zz MP2 Water Quadrupole-Quadrupole Polarizability (bohr5)
X aug-cc-pVXZ d-aug-cc-pVXZ t-aug-cc-pVXZ
D 9.15 10.46 10.60
T 12.47 14.49 14.73
Q 13.54 14.68 14.69
5 14.05 14.64 14.63
6 14.32 14.61 14.61
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Table V
Ozzz;zzz MP2 Water Octupole-Octupole Polarizability (bohr7)
X aug-cc-pVXZ d-aug-cc-pVXZ t-aug-cc-pVXZ
D 11.31 18.71 24.72
T 17.57 24.67 27.57
Q 21.56 30.04 31.02
5 24.28 30.50 30.79
6 25.94 30.54 30.65
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Table VI
Hzzzz;zzzz MP2 Water Hexadecapole-Hexadecapole Polarizability (bohr9)
X aug-cc-pVXZ d-aug-cc-pVXZ t-aug-cc-pVXZ
D 4.20 10.69 *a
T 11.24 32.94 *
Q 19.09 43.53 57.58
5 26.48 53.60 61.22
6 32.73 54.57 60.42 (62.15)b
a
For hexadecapole field perturbations, the SCF did not converge at the HF or B3LYP levels for the t-aug-cc-pVDZ and t-aug-cc-pVTZ basis sets.
b
The value for Hzzzz;zzzz is given in parenthesis for the partially constructed q-aug-cc-pV6Z basis set (t6+).
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Table VIII
RMSD errors (Δ) and average magnitudes (<|E|>) in electrostatic energy and polarization energy (kcal/mol)
calculated molecular multipoles and molecular polarizability tensors up to rank l = 1, 2, 3, 4 for randomly
oriented neutral-neutral and neutral-charge dimers at the HF/6-31++G** level
Neutral-Neutral Dimers Neutral-Charge Dimers
l Δelectrostatic Δpolarization Δelectrostatic Δpolarization
1 0.12032 0.001674 0.45475 0.03217
2 0.02836 0.000630 0.10014 0.00985
3 0.00702 0.000237 0.02072 0.00274
4 0.00385 0.000129 0.00681 0.00229
<|E|> 0.267 0.00425 2.431 0.136
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